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Response of a Nonrotating Rotor Blade to Lateral Turbulence
Part I: Theory

D. M. Tang* and E. H. Dowellt
Duke University, Durham, North Carolina 27706

Theoretical simulation of a rotor blade in forward flight by a nonrotating rotor blade in a longitudinal
sinusoidal pulsating flow, and the flapping and torsional response of a flexible nonrotating rotor blade model
to lateral turbulence have been investigated. A direct time domain computational method using a modified linear
ONERA aerodynamic model and a time-frequency approach using the classical aerodynamic model have been
proposed. A theoretical lift comparison between the classical aerodynamic theory and the modified ONERA
model is made. The numerical calculations indicate that the statistically quantitative agreement for both flap
and torsional variance responses between the linear ONERA and classical aerodynamic models is reasonably
good. The effects of random parametric excitation (when the longitudinal flow includes a turbulence component)
and parameter variations are discussed. The numerical results are used to confirm the validity of a new
experimental method presented as a companion paper, Part II.
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Nomenclature
blade section linear lift curve slope
aerodynamic centers of the blade section
blade semichord, bIR
section lift coefficients
section pitching moment coefficient
section aerodynamic flap component force
section aerodynamic pitching moment about the
elastic axis
section aerodynamic pitching moment about
one-quarter chord
modulus of elasticity
mass centroid of blade section from the elastic
axis
elastic centers of the blade section
shear modulus
gravitational acceleration
flap area moments
torsional stiffness constant
blade mass radius of gyration
linear torsional spring constant
reduced frequency, ba)/u0
mass per unit length of the blade
mass center of the blade section
total number of structural modes
number of aerodynamic elements
rotor radius

resultant longitudinal flow velocity, Eq. (6)
longitudinal cosine and sine pulsating velocity
components
longitudinal gust velocity, Eq. (1)
longitudinal turbulence velocity component
constant freestream velocity
generalized coordinates for bending
flap bending deflection, perpendicular to v
resultant lateral gust velocity, Eq. (2)
lateral sine gust velocity component
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wt = flap deflection at the blade tip
wy = lateral turbulence velocity component
x = position coordinate along blade span
a = blade section angle of attack
aG = gust angle of attack
r/y = linear circulatory lift of /th aerodynamic section
A, = dimensionless width of /th aerodynamic section
00 = initial pitch angle
p = air density
a2

w = variance of flapping response
CT^, = variance of torsional response
T = reduced time, tUlb
<&; = generalized coordinates for torsion
</> = twist about deformed elastic axis
</>A = inflow angle
(x)XJ-, a>zj = y'th torsional, flap natural frequency of blade
( )' = d( )/ck

I. Introduction

H ELICOPTER response to atmospheric turbulence ex-
citation is important because it not only affects ride qual-

ity, but also contributes to structural fatigue, especially for
hingeless configuration helicopters that have higher dynamic
stresses and vibration levels. Recently, increased attention
has been given to turbulence modeling and related effects on
helicopter response. Two atmospheric turbulence models are
often used to analyze gust response. They are the body-fixed
sampling model that refers to the actual atmospheric turbu-
lence experienced by a point fixed on the rotor hub, and the
blade-fixed sampling model that refers to the atmospheric
turbulence experienced by an element of the rotating rotor
blade. Recent studies M4-15 show that the gust velocity envi-
ronments of the rotor hub and the blade tip are substantially
different. Rotational velocity effects are dominant for a con-
ventional helicopter, particularly for low-advance ratio (ju, <
0.4) and low-altitude flight. Therefore, the blade-fixed sam-
pling model is theoretically more accurate for defining the
gust velocity field.

However, whatever turbulence sampling models are used,
the calculation of the covariance of blade response to a gust
or atmospheric turbulence can be classified as a parametric
random vibration. The mathematical model of a rotor blade
response in forward flight is described by a set of coupled
equations of motion with time-dependent coefficients. This is
because the flowfield relative to the rotating blade provides
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146 TANG AND DOWELL: ROTOR BLADE PART 1

certain aerodynamic damping and spring forces acting on the
blade that are changing periodically or randomly with time.
The generalized aerodynamic forces that appear as inhomo-
geneous terms on the right sides of the equations are the result
of a random process modulated by a deterministic periodic
function generated by the rotating blade. Even if the atmo-
spheric turbulence excitation is a stationary stochastic process,
the actual forces acting on the rotor blade are part of a near
cyclostationary process.

Theoretical computation of the response covariance matrix
of the rotor blade has been obtained by many approximate
methods for solving the parametric random vibration prob-
lem. The most insightful gust response analysis has been con-
ducted by Bir and Chopra.3 They considered a coupled rotor/
fuselage system with a complete coupled flap-lag-torsional
blade model. The response analysis is similar to the approach
for a fixed wing aircraft using the general finite element method.
A three-dimensional gust excitation with step, sine-squared
gust profiles in a body-fixed sampling model was used. In
Refs. 4-9 the effect of random air turbulence on blade sta-
bility and response in hover and in forward flight was studied
using modern stochastic methods. The parametric random
vibration equations were converted to Ito-type stochastic dif-
ferential equations that were then used to determine the sto-
chastic stability and statistical moments of the response. The
turbulence is assumed to be a "filtered" white noise or a
strictly white noise using the body-fixed sampling model. In
Refs. 10-13 a mixed time-frequency domain method was pro-
posed for the high advance ratio case. In these methods, both
the numerical time integration and frequency domain solution
are used to determine the statistical quantities of the response.
In Ref. 14 a direct time domain approach was developed. The
statistically meaningful characteristics of the response (cov-
ariance and correlation) are directly obtained from a pair of
ordinary matrix differential equations in the time domain.
This method is attractive in that the relevant algorithm is
simple and efficient. A frequency-time spectrum method that
simultaneously predicts both frequency and temporal char-
acteristics,1 1S and a new time-domain method for simulating
cyclostationary turbulence2 using the blade-fixed sampling
model, were proposed for low altitudes and low speed in
forward flight. However, the computational costs are high
when the number of degrees of freedom (DOF) of rotor sys-
tem increases.

In this article, a mathematical model for computing the
response of a nonrotating rotor blade to a lateral turbulence
in a sinusoidal pulsating flow, i.e., a gust response to deter-
ministic and random parametric excitations, is pursued. It is
found that the differential equations that describe the above
problem are similar to those for the gust response of a heli-
copter rotor blade to lateral turbulence in forward flight. The
aerodynamic effects due to the rotating speed relative to the
blade are simulated by a special flowfield with a sinusoidal
pulsating stream and lateral turbulence. We assume the at-
mospheric turbulence to be homogeneous and isotropic, and
the effects of self-induced turbulence by the lifting surface,
such as downwash and trailing vortices, to be negligible. The
response statistics vs azimuth angle of the rotor blade are
determined by a controllable field parameter. This simulation
relative to an actual helicopter rotor is incomplete because
the centrifugal and Coriolis effects due to the rotating speed
of the rotor blade are not considered in the experimental
model. However, the latter are readily incorporated into the
theoretical model, and in an experimental study such effects
could be corrected for theoretically (see Part II).

For this mathematical model a time-frequency domain com-
putational method10 ~ 1 3 based on the classical aerodynamic
theory is used to predict the gust response of a rotor blade
to cyclostationary turbulence excitation. This method is based
on the concept of an equivalent energy, i.e., the mean square
response to a random excitation is equal to that due to a
periodic function excitation at the resonant frequencies of this

system. Therefore, a random response problem is trans-
formed to an equivalent deterministic problem. A comparison
with a conventional time-domain method based on the linear
ONERA aerodynamic model is also made. In order to de-
termine the ONERA model coefficients for the sinusoidal
pulsating flow, a theoretical lift comparison between the clas-
sical aerodynamic theory and the modified ONERA model
is made. The numerical calculations indicate that the statis-
tically quantitative agreement for both flap and torsional var-
iance responses between the linear ONERA and classical
aerodynamic models is reasonably good. The effects of ran-
dom parametric excitation (when the longitudinal flow in-
cludes a small turbulence component) and parameter varia-
tions are discussed. The numerical results are compared with
the experimental data in Part II.24

II. Equations of Motion of Flexible Blade
A vertical, nonrotating elastic cantilevered blade model

with flap-torsional coupling and a pitch spring constraint at
the root is used. The linear equations of motion may be writ-
ten as

EIw"" + mw + mecj) +

~GJ4>"

= -j-^ (1)

M, = —^
djc (2)

Note that </> is measured with respect to the deformed elastic
axis. For the blade structure with a pitch spring at the root,
the torsional motion (/> includes elastic torsional deformation
along the blade span and pitch motion at the blade root.

The gravitational elastic potential energy of the blade is

f J
/)2 djc ck

and the potential energy from the root spring motion is

\
From Vmg and Vk the restoring stiffness terms wmg and Mk

may be deduced by variational methods.

A. Specific Gust Flowfield
In order to simulate the parametric random vibration mo-

tion of a rotor blade in forward flight (i.e., a differential
equations of motion simulation rather than a physical simu-
lation of a practical rotorcraft), the gust flowfield environment
is especially designed. A dominant lateral turbulence velocity
component and also a lateral sinusoidal component with a
rotor speed frequency fl that are both normal to the blade
plane are considered. The turbulence for the present study is
homogeneous and isotropic over the whole span of the blade
model, and has a sufficiently large component of uniform
power spectral density over the fundamental blade response
frequency band. Also, a dominant longitudinal sinusoidal
component with a rotor speed frequency and a longitudinal
turbulence velocity component that are parallel to the blade
plane are considered.

The longitudinal and lateral gust velocities are given by

ua = us sin

= ws sm

(3)

(4)

Physically, the longitudinal gust is a sinusoidal pulsating
stream (when ̂  = 0). The aerodynamic forces are similar
to those forces produced by a rotating blade in forward flight.
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Since the freestream includes sinusoidal pulsating compo-
nents, the aerodynamic forces generated by WG are modulated
by sin fit. These forces have cyclostationary characteristics.

For u^, if the power spectral density of u^ is known, e.g.,
Su(a)), we can use Shinozuka's algorithm17 to express the tur-
bulence process as a pseudoperiodic series, i.e.,

(5)

where co, = (2i - l)AoV2 and Aw and <!>, are subdivisions of
the power spectral density and the phase of the /th spectral
component, respectively. <!>,- is treated as a random variable
with uniformly distributed probability density between 0 and
27T. In the above equation, only the positive spectral com-
ponents S[n and frequencies a)h are used. The essence of this
approximation is to replace the random function u^t) by an
equivalent periodic function.

The Fourier transform of the random longitudinal velocity

dt (6)

in this model. A sketch of the two-dimensional airfoil is shown
in Fig. 1. The total force on the blade per span is given by

— = 7Tpb2[w 00) - ab'4>] + 27rpU{(u(}

url)B0 + [6(0.5 - fl)0 + Uo<l>]C(k)

wr2</>} + 7rpbUuQS(k)ac (8)

and the total moment about the point at elastic center of the
blade is

—— - = 7rpb2[Ub(0.5 - a)j> - Uba(<f> + 00) - baw

+ 62(0.125 + a2)<i>] + 27rpUb2(a + 0.5){(w0 + wrl)00

+ [6(0.5 - 0)<£ + w00]C(£) + wC(k) + ur2<$

- 6(0.5 + a)2irpbUuQS(k)aG (9)

where

/ cos w,r 4- M / s in

Taking a finite number of terms in the Fourier series, one
obtains C/ cos - sin

(7)

and the resultant longitudinal velocity is represented as

U = M0 4- if, sin fl^ + w^

where u^o)^ and M^^W,-) are the real and imaginary com-
ponents of the Fourier transform, which may be determined
in terms of the power spectra density S„((*)) of the random
function. us sin fit is used to simulate the rotational speed of
the blade.

For wy, the same procedure is used.
Two aerodynamic models of incompressible two-dimen-

sional flow are considered for dealing with the time-frequency
solution and direct time domain solution of the blade re-
sponse, respectively. These are considered next.

B. Classical Aerodynamic Model
In Ref. 16, the force and moment acting on a two-dimen-

sional airfoil executing harmonic motion in a sinusoidal pul-
sating stream are derived on the basis of nonstationary in-
compressible potential-flow theory, with the inclusion of the
effect of the continuous sheet of vortices shed from the trailing
edge. Also, the classical Sears gust response theory is included

and A:n = fl6/w0, k = a)b/u0, kMi = Wjb/UQ, kMi+il = (£1 +
a)i)b/u09 S(k) is Sears' coefficient, and C(k) is Theodorsen's
coefficient, see Ref. 21, pp. 409-412.

C. Linear ONERA Aerodynamic Model
The semiempirical ONERA model is derived using mea-

sured wind-tunnel data for an oscillating airfoil in conjunction
with a parameter identification scheme as shown in Ref. 18.
The lift and moment coefficients of each blade section in the
differential equations are described in terms of a reduced
time. A differential operator relative to the real time d/dt is
used in this article for comparison with the experimental data.

Comparing the Greenberg theory to the original ONERA
model,18 we find that the apparent mass term Ua induced by
unsteady pulsating stream is not accounted for in the latter
model. It is also noted that the pulsating stream directly affects
circulation rather than the lift coefficient. Therefore, we must
write a circulation equation (not a lift coefficient equation)
for the pulsating stream case. Reference 19 proposed a mod-
ified ONERA aerodynamic model in a circulation equation
form. It is suitable for the present study. The relevant linear
ONERA equations are

(10)

(11)
'Je (12)

where

L = L/0

LIQ = 7rpbsltTUUz

trrly + A,r/y - Vo/tfz + tr$,Ue

a = cf> + 0Q + aG - </>A, aG = WG

0A ~ w/u0, Uy = U cos a ~ U

Uz = Usina^ Ua, Uz = Ua + Ua

Fig. 1 Sketch of the two-dimensional airfoil.

e is the rate of rotation of the airfoil with respect to the air
mass, and here, it is assumed that e = <£.

For the aerodynamic coefficients in a constant longitudinal
flow, e.g., sh a0h 8h and A/, of the NACA 0012 airfoil, see
the next section.
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For the moment equation, we also obtain a set of equations
similar to Eqs. (10-12). The corresponding coefficients are
r,7jy, s,7J, A,?7, cw, and 8m. The moment is taken about the rotor
blade quarterchord. L/0, M0 [see Eq. (11)] are the noncir-
culatory lift and moment components due to the effect of the
air apparent mass. T/y, Ymy [see Eq. (12)] are the linear cir-
culatory lift and moment aerodynamic components associated
with the unsteady freestream. For the NACA 0012 airfoil,
cm = 0 and Am = 0 (see Ref. 20), Ymy is assumed to be zero,
and

M = M() = 2pb2trsmUUz

1.30

where sm = -(
The ONERA aerodynamic model is based on a blade airfoil

element. Here, it is applied to a flexible blade motion prob-
lem. A simple assumption is that the blade is divided into
several span wise aerodynamic sections, e.g., AW, and the
ONERA model is applied to each section. For the /th blade
section, the variables F/7, and ac, 0, w should have a subscript
/ in these equations:

dFH,
= L

= M + 6(0.5 + a)Ldx

(13)

(14)

D. Lift Comparison Between the Two Aerodynamic Models
There are no experimental data A/ for the NACA 0012

airfoil in the present pulsating flow case. Therefore, numerical
lift comparisons between the two aerodynamic models have
been made. The experimental data in the absence of sinus-
oidal pulsating flow suggest a()l — 5.9, A/ = 0.15, 5, = 3.245,
ands, = 5.16 for the NACA 0012 airfoil. The structural plunge
w and pitch angle 4> are assumed to be zero, and the initial
pitch angle of this airfoil 00 to be 3 deg. The unsteady free-
stream is expressed as

U = M()(l 4- IJL sin fir)

Figure 2 shows the time history of the lift ratio, | L/L0|, (L0
= pba()lO(]u^ for n = 5 Hz, //, = 0.1, and kn = 0.062. The
solid line denotes the result from the classical aerodynamic
model. The dashed line and symbol o denote the results from
the ONERA model with A/ - 0.15 and A/ = 0.3 (assumed)
for the NACA 0012 airfoil, respectively. It is found that the
motions are sinusoidal for both aerodynamic models, and the
lift amplitude difference between the two models is very small,
and the effect of the time delay parameter A, can be negligible.
When im increases, the lift difference still is small (it is not
shown). This is because at small reduced frequency A:a the
two aerodynamic models are basically identical. When fcn
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Time history of lift ratio \L/L0\ for H = 5 Hz, kn = 0.0628
and ^ = 0.1: — , classical model; - -, ONERA model A/ = 0.15; o,
ONERA model A, = 0.3.
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Fig. 3 Time history of lift ratio |L/L0| for U = 5 Hz and k^ = 0.3,
—, classical model; - -, ONERA model A/ = 0.15; o, ONERA model
A/ = 0.3, for a) /n = 0.1 and b) /* = 0.5.
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0.00

— classical 1 ONERA

0.40

Fig. 4 Average lift ratio vs k^ for MO = 20 m/s, ft = 0.1 and A, =
0.15 and 0.3: —, classical model; - -, ONERA model A, = 0.15; o,
ONERA model A, = 0.3.

increases, e.g., /cfl = 0.3, the lift amplitudes are different as
shown in Fig. 3a for jit = 0.1, and Fig. 3b for ^ = 0.5. The
difference between two aerodynamic models decreases as A/
increases from 0.15 to 0.3, and as ^ = decreases from 0.5 to
0.1. Recall that for sinusoidal airfoil motion in a pulsating
stream, we can obtain a lift coefficient Ct(A:n) similar to the
Theodorsen function C(/cn). It is given by

+ l

where Ci(kn) depends on the reduced frequency kn as well
as A/.

Figures 4 and 5 show the average lift ratio L/L0|avc, and
the rms lift ratio, |L/L0|rms, vs fcn for UQ = 20 m/s, IJL = 0.1
and, A/ - 0.15 and A, = 0.3 (assumed) for an NACA 0012
airfoil as obtained from the ONERA model and the classical
aerodynamic model. The solid line denotes the result from
the classical aerodynamic model. The dashed line and symbol
o denote the results from the ONERA model with A/ = 0.15
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— classical"."" = 3 ONERA
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Fig. 5 Root mean square lift ratio vs £n for MO = 20 m/s, p = 0.1
and A, = 0.15 and 0.3: — , classical model; - -, ONERA model A, =
0.15; o, ONERA model A, = 0.3

and A/ = 0.3 (assumed). It is found from Fig. 4 that the
average lift is a decaying oscillation curve for both models,
and as &a increases, the response from the ONERA model
approaches unity. With respect to the rms responses, the re-
sult from the ONERA model for A, = 0.3 is close to that
from the classical model, especially in the small reduced fre-
quency range.

For qualitative purposes, we compare results from the
ONERA model for different A/ to the approximations of the
Wagner and Kiissner functions, given in pp. 344 and 345 of
Ref. 21. For pitch (Wagner)

L(r) - 1 -

and for plunge (Kiissner)

L(r) - 1 -

Now for the ONERA model following Ref. 19, for pitch
(including the <5, term)

L(r) - 1 - [(aol- dMe-*

and for plunge (no 5, term)

L(r) = 1 - e-A/T

where r is reduced time.
A comparison of the ONERA results for the NACA 0012

airfoil and the Wagner-Kiissner results is given in Figs. 6a
and 6b for A, = 0.15, 0.3(6, - 0), and A/ - 0.15, 0.3(5, -
3.245), respectively. The dashed and solid lines denote the
Wagner and Kiissner functions, respectively. The symbols o
and O denote the ONERA results of A, = 0.15 and A, - 0.3
for 5, = 0 and 6, = 3.245, respectively. It is found that in the
case of 5, = 3.245, the result for A, = 0.15 is very close to
the Wagner function, and the difference between the curves
for A, = 0.15 and A, = 0.3 is small as shown in Fig. 6a.
However, for 5, = 0, the difference is larger as shown in Fig.
6b. It is thought that A, = 0.3 may be a better approximate
value for the unsteady freestream case in the present ONERA
model.

E. Equations of Motion with the Classical Aerodynamic Model
In Eqs. (1) and (2), expansions in general mode shape

functions are used to obtain ordinary differential equations
in terms of generalized modal coordinates. They are expressed
in series form as follows:

(15)

a)
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r
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Fig. 6 Lift ratio vs T for A, = 0.15 and 0.3, for a) Wagner (pitch)
theory and b) Kiissner (plunge) theory.

where (~) indicates nondimensionalization of the spanwise
coordinate with respect to the blade span R, and i//,, 0y, Ay,
cry, and jj are the characteristic functions for nonrotating can-
tilevered beam vibrations.

Substituting Eqs. (8), (9), and (15) into Eqs. (1) and (2)
and using the Galerkin method, one obtains the modal matrix
equations of motion in second-order form. They are given by

f[CM \K i _u r*" i -i- r2 r^ iL^oJ + ̂  l^ij + -^T [K2\

(16)

where

{q}T = J

and [Af], [K0], [K^, and [K2] are constant matrices that de-
pend upon the structural parameters, see Ref. 22. [C] and
[K^ depend upon Theodorsen's function C(fc), as well as the
structural and aerodynamic parameters. Equation (16) is a
set of parametric random differential equations for a 2N de-
gree-of-freedom system.

F. Equations of Motion with the Linear ONERA
Aerodynamic Model

Substituting Eqs. (13-15) into Eqs. (1) and (2) and using
the Galerkin method, one obtains a set of 2N differential
equations in terms of generalized coordinates. Substituting
Eqs. (11) and (12) into Eq. (10), we obtain NN first-order
differential equations for the aerodynamic coefficients, F/y/.
Upon introducing a 4N + NN state vector {qb}9 which by
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stipulation is identical to the response vector, the blade equa-
tion of motion can be expressed as

Ma] (qbl K,, Sri*
where

(17)

after many rotations, each cycle of rotor response may be
regarded as one member of an ergodic ensemble, from which
the average over a given number of rotations, e.g., M cycles,
may be taken.

Setting t{ = t2 — t, i.e., the lag time is zero, then the time
variable variance response is

= Rq(t, t) = I Sa(co)H(co, t)H*(a), t) dco (23)

or

(qbjY =

{qhl}T = . Chl . . . .

and the submatrices A//y, M/, . . . , /C/y, / £ „ . . . . depend upon
the structural parameters and aerodynamic parameters, as
well as M ( ), wv , and w^ pulsating stream. It is noted that the
term of aa is neglected in Eqs. (16) and (17) for simplicity.
This means that the effects of atmospheric turbulence time
rate on the fluid apparent mass are neglected.

III. Computation of Blade Random Response
A. Solution by a Time-Frequency Domain Method

The time frequency domain method is used to solve Eq.
(16). The solutions of Eq. (16) include the deterministic pe-
riodic response generated by the second excitation term due
to 0() on the right of the equations, and the random response
created by the first excitation term due to «G.

It is assumed that the Fourier transform of aG exists, i.e.,
Fa(co), which is given by

«G(0 = /* Fa(a))eitat dco (18)

Sa(co)[H2(co, t) + //2(w, t)] dco (24)

where Hc(co, t) and Hs(to, t) are the frequency response func-
tions due to the inputs of (Uu()/R2)S(k){Fl}cos cot, and (UuJ
R2)S(k){Fl}sin cot, respectively.

Now, Sa(co, t) is divided over the positive frequency range
into M intervals, Aw = o>max/M, where o>max is the maximum
frequency considered. The newly constructed power spectral
density (PSD) is given by

t) = 2 r2
ai(co, t)8(co - co,) (25)

Selecting in each interval a central frequency co,, and mul-
tiplying d(co - cof) with the integral of Sa(co, t) over this
interval, the variance of the /th portion of the Sa(co, t) is given
by

o-2
ai(co, t)

r<o,- + A/2
=

Jot: — A/2
, t)' dco (26)

Finally, an approximate expression for the time variable
variance is given by

Because of the linear nature of this equation, the particular
solution (see Chap. 6 of Ref. 23) can be written as

= L Fa(<o)H(<a, t) dco (19)

where H(co, t) is the complex valued response function to the
input of (Uu0/R2)S(k){Fl}ei<at, with zero initial conditions. Fol-
lowing Ref. 11, when the input function is a nonstationary
random process with a double frequency power spectral den-
sity, the response autocorrelation function is generally ex-
pressed as

= \
J -00 J -

dco2

(20)

As mentioned before, ac is assumed to be a stationary
stochastic process, and we have

Sa(col, co2) = Sa(col)8(co2 ~ wi)

where 8(co) is the Dirac delta function.
Substituting Eq. (21) into Eq. (20), one obtains

(21)

Sa(o))H(a)9 o, t2) dco (22)

where Rfj(tl, t2) is the autocorrelation function of the gener-
alized coordinate q evaluated at tl with lag (tl - t2) of the
independent time variables ^ and t2. For the helicopter blade
response, tl and t2 may be regarded as azimuth angles and,

?(«/, 0 + #?(«/, t)]<r2
ai(a>h t) (27)

and the time variable variance of the response rate is

<rUl) = 2 2 [#?(">„ 0 + «?(»/, 0]o-|,-(w,-, 0 (28)

and the time variable cross variance between the response
and response rate is

Ua» 0 1^(«/, 0 (29)

B. Solution by a Time-Domain Method
For Eq. (17), a direct time domain solution can be obtained.

Because the time histories of the gust angle aG and the pul-
sating stream U are known from the theory or from the ex-
periment, the gust response can be determined by numerical
time integration. The variance responses in flap cr;, and twist
cr2 are obtained using a general statistical analysis method for
the response time histories.

IV. Numerical Examples
A numerical simulation of the statistical response of a non-

rotating blade model to atmospheric turbulence in an un-
steady freestream has been made. The model parameters are
listed in Table 1 . The theoretical results are obtained by taking
three modes for the flapwise deflection and two modes for
the twist. The response results are expressed as a variance at
the tip of the blade. For the time domain method, the blade
is divided into four equal length aerodynamic elements. The
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Table 1 Model parameters

R 19.68, in.
b 1.57, in.
o>, 10, Hz
o>x 17.8, Hz
GJ 0.25 x 104, lb/in.2

m 0.47 x 10-4, Ib2/in.:

Km 1.149, in.
K^ 18.62, Ib/in./rad
e 0.315, in.
06 -0.63, in.

4.00

Q
CO
PH

2.00

0.00
20.00 40.00 60.00

Fig. 7 Theoretical lateral gust PSD.

turbulence has a uniform power spectral density over 0-40-
Hz frequency band. The PSD of the gust angle of attack aG
is 0.0027 (deg)2/Hz as shown by an approximate curve (dashed
line) in Fig. 7. The solid line is generated by a frequency
sweep function. For the time-frequency method, the PSD
curve is divided into 40 intervals and Aw = 1 Hz.

In the numerical examples, "turbulence" in a pulsating stream
as generated by a frequency sweep signal is also considered.
The amplitude is 0.02 MO, and the PSD of u^ is similar to the
one for aG from 0-40 Hz.

A. Nonrandom Parametric Excitation
In this case, the longitudinal turbulence velocity is negli-

gible, i.e., u^ is taken as zero.
Figures 8a and 8b show a comparison of results from the

time-frequency method and direct time domain method, or
correspondingly the results obtained from the classical aero-
dynamic model and the linear modified ONERA model for
00 = 0, u0 = 23 m/s, /i = 0.1, ft = 8 Hz, and "one cycle"
of rotor blade motion. In fact, the blade does not rotate, but
the oncoming flow relative to the fixed blade is a sinusoidal
pulsating stream with a oscillation frequency 8 Hz, therefore
one cycle is equal to 1/8 s, or as presented here is 2?r corre-
sponding to the azimuth angle of the rotating blade. In the
direct time domain method, the integration step length is
taken as 1/800 s, and the total integration time is 15 s or 12,000
points. The variance of the flap and torsional responses are
statistically determined from 12,000 points of response data.
The solid and dashed lines denote the results from time-fre-
quency and direct time domain methods, respectively. The
quantitative agreement is reasonably good and the motions
appear to be periodic for both flapwise and torsional variance
responses. However, the results from time-frequency method
appear closer to a pure single harmonic motion than those
from direct time integration. The latter has more harmonic
response components. The flap and torsional variance re-
sponses have about two and four response peaks, because the
rotor speed frequency ft = 8 Hz, is near the first flap natural
frequency (o)z = 10 Hz), and about half the first torsional
natural frequency (a)x = 17 Hz).

Figures 9a and 9b show the time-varying variance responses
of the flap motion for several different ju and 00 = 0, UQ =

0.04

0.03

0.02

0.01

0.00

a)

.0 .STT TT I.STT

one cycle (rad.)

27T

10.00

8.00

6.00

4.00

2.00
0.0 .57T I.STT 2TT

b) one cycle (rad.)

Fig. 8 Comparison between two computational methods for the var-
iance response; - -, for the direct time domain method; —, for the
time-frequency domain method, for a) o-J, vs i/f and b) for 0-J vs i/f.

0.08

0.06

0.04

0.02

0.00

a)
0.00 .57T TT

one cycle (rad.)

27T

0.06

0.04

0.02

0.00
0.00 .57T 1.57T

b) one cycle (rad.)
Fig. 9 o-^ vs i/r for w0 = 23 m/s, 00 = 0 and p = 0.1, 0.2, 0.3, for
a) time-frequency method and b) for direct time domain method.
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0.05

0.04

0.03

0.02

0.01

0.00
0.00

a)
TT I.STT

one cycle (rad.)
2TT

12.00

9.00

6.00

3.00

o.oo1—
0.00

.-00=0,~- 00=3°, — 00=5°

.Sir 1.57T 2TT
b) one cycle (rad.)

Fig. 10 Variance response vs if/ for MO = 23 m/s, /* = 0.2 and 0 =
0, 3, 5 deg, for a) o-^, vs if/ and b) for <r^ vs if/.

0.12

0.00
0.00 80.0020.00 40.00 60.00

«i (Hz)
Fig. 11 FFT plot of the longitudinal turbulence.

23 m/s, n = 8 Hz, as obtained from the direct time domain
method and time-frequency method, respectively. The solid,
dashed, and dashed point lines denote IUL = 0.1, 0.2, and JUL
= 0.3, respectively. The amplitudes increase as JJL increases.
As shown in Fig. 9a, the standard deviation (square-root of
the variance) of the flap response reaches a maximum value
of 0.16 in. at the tip of blade for ^ = 0.1, 0.2 in. for IJL =
0.2, and 0.23 in. for ^ = 0.3 at approximately if/ = O.S-rr. As
fji increases, the azimuth angles corresponding to the maxi-
mum and minimal standard deviation response do not change,
but for a realistic helicopter rotor in forward flight it does.
For the latter, there is a reversed flow region near the blade
root when /x increases, which is not modeled in the present
analysis. For Fig. 9b, similar results are obtained, but the
azimuth angle corresponding to the maximum standard de-
viation response is near if/ = TT. For both Figs. 9a and 9b, the
variance responses are periodic.

Figures lOa and lOb show the time-varying variance re-
sponses for the flap and torsional motions for several initial
pitch angles 00 and JJL = 0.2, u0 = 23 m/s, H = 8 Hz as
obtained from the direct time domain method. As 00 increases

0.04

0.03

0.02

0.01

0.00

a)

0.00 .STT TT I.STT 2TT
one cycle (rad.)

9.00

7.50

6.00

4.50

3.00
0.00 .5TT 2TT

b) one cycle (rad.)
Fig. 12 Comparison between u^ = 0 (- -) and u^ ± 0 (—) for the
variance response to a lateral gust excitation using the time direct
domain method, for a) o-J, vs if/ and b) for o-J vs if/.
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0.03

0.02

0.01

0.00'——
0.00 2TT

a) one cycle (rad.)

9.00

7.50

6.00

4.50

3.00
0.00 .5TT 2TT

b) one cycle (rad.)
Fig. 13 Comparison between un = 0 (- -) and u^ ± 0 (—) for the
variance response to a lateral gust excitation using the time-frequency
domain method, for a) o-J, vs if/ and b) a\ vs if/.
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from 0 to 5 deg, the flap variance response increases, but does
not significantly change as shown in Fig. lOa. For the torsional
variance response, the variation is very slight as 00 increases
as shown in Fig. lOb. This is because the present system model
is linear. The influence of the higher harmonic aerodynamic
forces due to the sinusoidal pulsating flow is small when 00
increases.

B. Random Parametric Excitation
In this case, the longitudinal gust velocity includes both the

sinusoidal pulsating stream component and the turbulence
component. The turbulence amplitude uJuQ and frequency
band are about 0.2 JJL and 0-40 Hz, respectively. Shinozuka's
algorithm17 is used to calculate the turbulence process as a
periodic series in the time-frequency method. The results are
represented as a FFT plot of the turbulence as shown in Fig.
11. In the algorithm TV = 100, and the frequency varies from
0 to 80 Hz. For the direct time domain method, the theoretical
time histories of the lateral and longitudinal gust are used.
The results are shown in Figs. 12 and 13 for UQ = 23 m/s, JJL
= 0.1, 00 = 0 deg, and the same gust excitation as in the
above example. Figure 12 shows the results obtained from
the direct time domain method, and Fig. 13 from the time-
frequency method. Figures 12a and 13a are for the flap var-
iance response, and Figs. 12b and 13b are for torsional re-
sponse. For comparison, the results from the nonrandom par-
ametric excitation (dashed line) are also plotted in Figs. 12
and 13. It is found that due to the random component of the
parametric excitation, both the flap and torsional variance
responses are greater than the variance responses previously
obtained for nonrandom parametric excitation. The increased
magnitude of these responses depends upon the amplitude of
the longitudinal turbulence. In the present example, the effect
of the random parametric excitation on the variance response
is shown to not be very significant.

V. Concluding Remarks
Classical and linear ONERA aerodynamic models are ap-

plied using time-frequency and direct time domain compu-
tational methods, respectively, to calculate the variance gust
responses of a nonrotating rotor blade model in a longitudinal
sinusoidal pulsating flow. The numerical calculations indicate
that the statistically quantitative agreement for both flap and
torsional variance responses between the linear ONERA and
classical aerodynamic models is reasonably good.

The variance responses depend upon many factors, the si-
nusoidal pulsating amplitude, gust strength and frequency
bandwidth, and the initial pitch angle of the blade. Most
significant is the sinusoidal pulsating amplitude. The random
parametric excitation due to the longitudinal turbulence com-
ponent increases the variance responses for both the flapping
and torsional motions. However, the effect is not significant
for the examples studied here.

The modified linear ONERA aerodynamic model is con-
venient for use in the direct time domain method. The gust
response calculations using this aerodynamic model are in
reasonable agreement with experimental results as shown in
the companion article, Part II.24
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